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shooting method. This solution method appears to be computa-
tionally intense for systems in which the controls experience many
switches;with all controlssaturating,example2 requiressolvingfor
89 unknown parameters. We have found, however, that, by sweep-
ing the parameter p in a homotopylike fashion, beginning with the
condition that none of the controls saturates, insight to the optimal
switching structure for the formal minimum-time problem may be
gained.The problemformulation,numericalsolutionprocedure,and
exampleproblemsare coveredin greaterdetail in Chap. 2 ofRef. 10.
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Introduction

T HE objectiveof thisNote is to extendtheconventionalreal-time
optimizationalgorithm1 to the receding-horizonstate feedback

controlproblemwith explicit time-variantparameters.An algorithm
is derived in a modi� ed manner, which results in less computation
and less data storage than a direct extension of the conventional
algorithm. A tracking control problem of a two-wheeled car is em-
ployed as a numerical example. A simulation result demonstrates
closed-loop characteristicsof the designed tracking control law.

Problem Formulation
The dynamic system treated here is expressed in the following

differential equation:

dx.t/

dt
D f [x.t/; u.t/; p.t/] (1)

where x.t/ 2 Rn denotes the state vector, u.t/ 2 Rm the control
input vector, and p.t/ 2 Rr the vector of time-variant parameters.
The time-variantparameterp.t/ is assumed to be known.An optimal
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state feedback law is designedso as to minimize a receding-horizon
performance index:

J D ’[x.t C T /; p.t C T /] C
Z t C T

t

L[x.t 0/; u.t 0/; p.t 0/] dt 0 (2)

Because the time-variantparameterp.t/ is includedboth in the state
equationand in the performanceindex, the presentproblemcan deal
with not only control of time-variant systems but also tracking con-
trolproblems.A commandinput is regardedas a time-variantparam-
eter in a trackingcontrol problem. The performanceindex evaluates
the performance from the present time t to the � nite future t C T .
Because the time interval in the performance index is � nite, the in-
tegrand in the performance index does not have to converge to zero
as time increases. Therefore, the receding-horizon tracking control
law can be determined even if the tracking error does not converge
to zero with any control input. That is, any feasibility conditionson
p.t/ and any controllability conditions on the system are not nec-
essary, although asymptotic tracking is not guaranteed, in general,
by the present formulationof the receding-horizontrackingcontrol.
Some analytical results are found in Ref. 2 about the receding-
horizon tracking control problem under restrictive conditions.

The performanceindex equation (2) is minimized for each time t
starting from x.t/. By denoting the trajectory x.t C ¿ / starting from
x.t/ as x¤.¿; t/, the present receding-horizon control problem can
be converted to a family of � nite horizon optimal control problems
on the ¿ axis parameterized by time t as follows.

Minimize:

J D ’[x¤.T; t/; p.t C T /] C
Z T

0

L[x¤.¿; t/; u¤.¿; t/; p.t C ¿ /] d¿

(3)

subject to:

x¤
¿ .¿; t/ D f[x¤.¿; t/; u¤.¿; t/; p.t C ¿ /] (4)

with the initial state on the ¿ axis x¤.0; t/ given by

x¤.0; t/ D x.t/ (5)

The actual control input u.t/ is given by

u.t/ D u¤.0; t/ (6)

where the asterisk denotes a variable in the converted optimal con-
trol problem so as to distinguish it from its correspondence in the
original problem. Note that the converted optimal control problem
is a standard Bolza-type problem on the ¿ axis for a pair of � xed
t and T and the actual control input is given by the initial value of
the optimal control input minimizing the performance index. The
� rst-order necessary conditions for the optimal solution are readily
obtained as a two-point boundary-value problem (TPBVP) by the
calculus of variations as3

x¤
¿ .¿; t/ D H T

¸ ; x¤.0; t/ D x.t/ (7)

¸¤
¿ .¿; t/ D ¡H T

x ; ¸¤.T ; t/ D ’T
x [x¤.T; t/; p.t C T /] (8)

Hu D 0 (9)

where¸¤.¿; t/ 2 Rn denotesthe costate, H denotes the Hamiltonian
de� ned as

H D L C ¸¤Tf (10)

and Hx denotes the partial derivative of H with respect to x¤, and
so on.

Because the state and costate at ¿ D T are determined by the
Euler–Lagrange equations(7–9) from the state and costate at ¿ D 0,
the TPBVP can be regarded as a nonlinear algebraic equation with
respect to the costate at ¿ D 0 as

F[¸.t/; x.t/; T ; t ] D ¸¤.T ; t/ ¡ ’T
x [x¤.T; t/; p.t C T /] D 0 (11)
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where ¸.t/ denotes the costate at ¿ D 0; ¸¤.0; t/. The unknown
costate ¸.t/ is determined implicitly by Eq. (11). The actual control
input is given by

u.t/ D argfHu [x.t/; ¸.t/; u.t/; p.t/] D 0g (12)

If T is chosen as a smooth function of t , then the solution of the
equation F[¸.t/; x.t/; T .t/; t ] D 0 can be tracked with respect to
time t . In the next section, a differential equation of the unknown
costate ¸.t/ is derived so that Eq. (11) is satis� ed.

Feedback Control Algorithm
Because the nonlinear equation (11) has to be satis� ed at any

time t; dF[¸.t/; x.t/; T .t/; t ]=dt D 0 holds along the trajectory of
the closed-loop system of the receding-horizon control. To avoid
accumulation of numerical error, this Note employs the following
condition:

dF
dt

D AsF (13)

where As denotes a stable matrix. Equation (13) results in the ex-
ponential attenuation of the error in F. An ordinary differential
equation of the unknown costate ¸.t/ is derived from the condi-
tion equation (13). Furthermore, to start from a trivial solution of
the TPBVP with T D 0; T is regarded as a smooth function of the
time t such that T .0/ D 0 and T .t/ ! T f .t ! 1/, where T f is
prescribed by a designer. The initial condition for the differential
equation of the costate is given by

¸.0/ D ’T
x [x.0/; p.0/] (14)

which is a trivial solution of the TPBVP for T .0/ D 0. Although
the optimal control problem itself is meaningless with T D 0, and
any control can be used at t D 0, Eq. (14) is employed to prevent a
large jump in control.

To evaluate the derivative of ¸.t/ D ¸¤.0; t/ with respect to
time, we consider the partial derivatives of the optimal trajectory.
Although an algorithmsimilar to one in Ref. 1 can also be obtained
for time-variant problems,4 this Note derives an algorithm of a dif-
ferent form, which is more suitable for time-variant problems. The
main difference is that x¤

t ¡ x¤
¿ and ¸¤

t ¡ ¸¤
¿ are used instead of x¤

t
and ¸¤

t . Partial differentiation of Eqs. (7–9) with respect to time t
and ¿ yields the following linear differential equation:

@

@¿

µ
x¤

t ¡ x¤
¿

¸¤
t ¡ ¸¤

¿

¶
D

µ
A ¡B

¡C ¡AT

¶ µ
x¤

t ¡ x¤
¿

¸¤
t ¡ ¸¤

¿

¶
(15)

where

A D fx ¡ fu H ¡1
uu Hux ; B D fu H ¡1

uu f T
u

(16)
C D Hx x ¡ Hxu H ¡1

uu Hux

Note that pt .t C ¿ / D p¿ .t C ¿ / holds and pt and p¿ are canceled
in Eq. (15). Therefore, pt .t C ¿ / does not have to be stored for
0 · ¿ · T . The derivativeof the function F with respect to time is
expressed as

dF
dt

D ¸¤
t .T; t/ ¡ ’x x x¤

t .T; t/ ¡ ’xp pt .t C T /

C
£
¸¤

¿ .T ; t/ ¡ ’x x x¤
¿ .T; t/ ¡ ’xp p¿ .t C T /

¤ dT

dt
(17)

where the derivatives x¤
¿ .T; t/ and ¸¤

¿ .T ; t/ are given by the Euler–
Lagrange equations (7–9).

The relationship between the costate and other variables is as-
sumed in this case as

¸¤
t ¡ ¸¤

¿ D S.¿; t/
¡
x¤

t ¡ x¤
¿

¢
C c.¿; t/ (18)

which is different from the one used in Ref. 1. It is apparent from
Eqs. (13), (17), and (18) that the following equations have to hold:

S.T; t/ D ’x x j¿ D T (19)

c.T ; t/ D
¡
H T

x C ’x x f C ’xp pt

¢­­
¿ D T

³
1 C

dT

dt

´
C AsF (20)

Furthermore, Eqs. (15) and (18) imply that the matrix S.¿; t/ 2
Rn £ n and the vector c.¿; t/ 2 Rn have to satisfy the following
differential equations:

S¿ D ¡AT S ¡ S A C SBS ¡ C (21)

c¿ D ¡.AT ¡ SB/c (22)

Because S is symmetric, Eq. (21) reduces to an n.n C 1/=2-
dimensional differential equation. Evaluating Eq. (18) at ¿ D 0,
the differential equation of the costate ¸.t/ D ¸¤.0; t/ to be inte-
grated in real time is obtained as

d¸.t/

dt
D ¡H T

x [x.t/; ¸.t/; u.t/; p.t/] C c.0; t/ (23)

where x¤
t .0; t/ and x¤

¿ .0; t/ are canceledbecausex¤
t .0; t/ D x¤

¿ .0; t/
holds. For each time t , the Euler–Lagrange equations(7–9) are inte-
grated forward along the ¿ axis, and the differential equations (21)
and (22) are integratedbackward with the terminal condition equa-
tions (19) and (20). Then the differential equation (23), with the
initial condition equation (14), is integrated for one step along the t
axis to update the costate ¸.t/ D ¸¤.0; t/. The optimal control in-
put is determined from Eq. (12) with the state given and the costate
calculated with Eq. (23). The differential equation for the costate,
Eq. (23), is different from the one in Ref. 1. If dT=dt D ¡1 and
the optimality condition F D 0 holds identically, then the third
term c.0; t/ vanishes and Eq. (23) is identical with the equation
for the costate in the usual Euler–Lagrange equations. In fact, if
dT=dt D ¡1 holds, i.e., t C T is constant, then Eq. (2) represents a
performance index at time t of a usual � nite horizon optimal con-
trol problem with a � xed terminal time. Therefore, Eq. (23) gives a
natural extension of the usual Euler–Lagrange equations to the case
of the receding-horizoncontrol. Also note that the matrix Huu must
be nonsingular, as is apparent from Eq. (16). If the matrix Huu is
nonsingular, the algorithm is executable regardless of controllabil-
ity or stabilizability of the system. Furthermore, if Huu is positive
de� nite, the solution of the TPBVP gives a local minimum.3

Numerical Example
A receding-horizon tracking control law is designed for a two-

wheeled car as a numerical example. The state variablesof the two-
wheeled car are its position (x1; x2 ) and its attitude angle x3, and the
control inputs are velocities of the wheels. The state equationof the
system is given by

dx
dt

D G.x/u; G.x/ D
1

2

2

4
¡sin x3 ¡sin x3

cos x3 cos x3

1=L ¡1=L

3

5 (24)

where x D [x1 x2 x3]T denotes the state vector and u D [u1 u2]T

the control input vector. The distance between two wheels is de-
noted by 2L. This system is controllable but is nonlinear and
nonholonomic.1 The performance index of the receding-horizon
tracking control problem is chosen as the following quadratic per-
formance index:

J D 1

2

Z t C T

t

f[x.t 0/ ¡ p.t 0/]T Q[x.t 0/ ¡ p.t 0/] C uT .t 0/u.t 0/g dt 0

(25)
where Q D diag.q1; q2; q3/ > 0 is a weighting matrix and the refer-
ence trajectory p.t/ is given by

p.t/ D [R0 cos !0t R0 sin !0t 0]T (26)

The time interval T in the performance index is given by

T .t/ D T f .1 ¡ e¡®t / .® > 0/ (27)

The variable time interval T .t/ satis� es T .0/ D 0, and T .t/ con-
verges to the desired value T f as the time increases. The control
input is includedin the performanceindexso that theoptimalcontrol
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Fig. 1 Time histories of a simulation result with Tf = 1 s and Q =
diag(10, 10, 0.1): – – –, reference state and ——, actual state.

has bounded magnitude. The system is controlled by the bounded
control input so as to minimize the deviation from the desired ref-
erence trajectory on average over [t; t C T ]. Because the system is
nonholonomic and cannot track the reference trajectory given by
Eq. (26) perfectly with any control input, the performance index
is not bounded with respect to the time interval T and an in� nite
horizon regulator cannot be designed for the present tracking con-
trol problem. However, the receding-horizon tracking control can
be designed because of the � nite T .

The initial state is given in the simulation as x1 D 0:2 m, x2 D
0 m, and x3 D 0 rad. The parameters are chosen as L D 0:0605 m,
R0 D 0:3 m, !0 D 1:0 rad/s, and ® D 0:5. The matrix to stabilize
the solution is chosen as As D ¡50I . The Adams method starting
with the Runge–Kutta–Gill method is used for numerical integra-
tion of the differential equations on both the t axis and the ¿ axis.
The time step on the t axis is 0.01 s, and the time step on the ¿
axis is 0.05 s. The simulation program is coded in C language on
an Apple Power Macintosh 7100/80AV (CPU: PowerPC 601, 80
MHz; RAM: 32 MB), and the size of the binary � le of the program
is 66 KB. The whole computational time is about 15 s for simulat-
ing the control process of 20 s. Therefore, it can be concluded that
the proposed control algorithm is implemented with a suf� ciently
short computational time and a moderate amount of data storage.
The computational time can be reduced further by changing the
integrationmethod and/or the time steps at the expense of accuracy.

The simulation result in Fig. 1 is a case with T f D 1 s and Q D
diag.10; 10; 0:1/. Time histories of state variables; the norm of the
error in the optimality condition,kFk; and control inputs are shown
in Fig. 1. The error kFk is less than 0.04 throughout the simulation,
which validates the accuracy of the optimal solution. The peaks of
kFk appear when the attitude angle x3 changes rapidly. The atti-
tude angle x3 vibrates around the constant reference state of zero
becausethe model cannotmove in the x1 directionwith zero attitude
angle. Optimization results in satisfactory tradeoff between track-
ing performance of x1; x2 , and x3. The closed-loop performance
depends on free parameters of the performance index in the present
optimization-basedcontrol.

Conclusions
An algorithm is proposed for the time-variant receding-horizon

control of general nonlinear systems. The algorithm is derived in a
manner that is different from the conventional one, and it is shown

that the unknown costate is governed by a differential equation that
is a natural extension of the Euler–Lagrange equations for a usual
� nite horizon optimal control problem with a � xed terminal time.
A tracking control problem of a two-wheeled car is employed as
a numerical example. It is shown that the proposed algorithm re-
quires a realistic amount of computational time and data storage
in the simulation. As the result of the numerical simulation, it is
concluded that the receding-horizon tracking control achieves the
best possibleperformanceeven if the reference trajectory cannot be
tracked perfectly with any control input. The present approach can
generatea highlynonlinearcontrol law throughoptimizationrequir-
ing trial and error only in selection of a few free parameters. It may
be concluded that the present approach provides an ef� cient design
technique for a wide class of nonlinear feedback control problems.
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I. Introduction

P ROPORTIONAL navigation (PN) guidance has been probably
the most popular and extensively studied guidance method for

short-rangeintercept.Pastricketal.1 providea historicalbackground
of the PN guidance concept and a comprehensive list of the litera-
ture on PN guidance laws up to 1979. Many additional publications
have since appearedon PN guidanceand its variations.2¡5 In almost
all of the existing studies where the capture of the target with PN
guidance is analytically investigated, a key assumption is that the
interceptorand the targethave constantvelocities.The PN guidance
law in principle has no dif� culty being applied to long-range inter-
cept. For instance, in the entry � ight of a lifting space vehicle, the
vehicle needs to be guided from the penetration of the atmosphere
to a target point near the landing site where � nal approachand land-
ing maneuvers are initiated.6 However, when the PN guidance law
is applied to such a long-range intercept, the constant-velocity as-
sumption is no longer a valid approximation because the velocity
variation in this case can be as large as one order of magnitude.
In this Note, we examine the PN guidance law applied to the in-
tercept of a nonmoving target when the interceptor has arbitrary
time-varyingvelocity. We shall show that the PN guidance law will
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